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We are first concerned by the following problem :

ur — Apu=f(x,u) in Qr o (0, T) xQ

(Pe) u=0 on X7 =[0,T] x99,
u(0,-) = uo(-) in Q2

i) Qs a bounded domain in R with smooth boundary,

i) 1<p<oo Apu V. (|Vu|P~2Vu), T >0,

g € L=(Q) (NW,P(Q)).

i) f:(x,s) € QxR — f(x,s) Caratheodory function, locally
Lipschitz with respect to s uniformly in x € Q and satisfying
the growth condition :

lf(x,s)| <als|]"+b aa xeQ (1)

with ¢ > 0, a > Oand b > 0.
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Issues :
1. local existence of weak solutions,
2. regularity of weak solutions.
Such problems arise in different models :

1) non Newtonian flows (pseudo-plastic fluids : 1 < p < 2,
dilatant fluids : p > 2),

2) Models of flow through porous media in turbulent regimes (ex.
flow through rock filled dams [Diaz-De Thelin]),

3) models in glaceology, reaction diffusion problems, petroleum
extraction, climate models, etc.
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Auxilary problem :

up — Apu = h(x,t) in Qr 4ef (0, 7)xQ

(Se) u=0on Xt =[0,T]x0RQ,
u(0,-) = up(-) in Q

with T >0, ¢ > min(2, p'), up € LI(Q), h € L1(0, T; LI(R)).
Properties of p-Laplace operator (1 < p < o) :

- WoP(Q) 3 u = —Dpu € WP(Q) isomorphim
. monotonicity :

u, v e W&’p(Q) =< —=Dpu+ Apv,u—v >>0;

aplications : weak comparison principle, Minty-Browder theory.

. variational : —Apu = J'(u) with J(v) o % Jo IVvIPdx,
v e Wol’p(Q); J convex, s.c.i. = —A, maximal monotone in

12(Q).
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Maximal monotone operators, m-accretive operators
Let H a Hilbert space and A: D(A) C H — P(H) (multi-valued)

Definition
A is maximal monotone in H if

1. Ais monotone : Yu,v € D(A), Y¢ € Au, Vn € Av,
(v —n|u—v) >0 ((:|-) denotes the scalar product).

2. Ais maximal : R(/ + A) = H.

Remarks :

1. Ais maximal monotone — Jy % (I + AA)~! is a contraction
in H for any A > 0.

2. Asingle valued, linear A maximal monotone = D(A) dense in
H.

Example : Let V a reflexive Banach space such that

V < H < V' (densely and continuously) and A: V — V/
single-valued, hemicontinuous, coercive and monotone. Then Aly is
maximal monotone (by Minty-Browder Theorem).
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Let X a banach space. A C X x X.
Definition
A is m-accretive in X if
1. (accretive) V[x1, y1], [x2,y2] € Aand A > 0,

X1 —xllx < llx1 —x2 + Ay1 — y2) |l x-
2. (maximal) R(/ + A) = X.

Example 1 :
—A, is m-accretive in L9(2) for ¢ > min(2, Npﬁlll\J/—i-p) (accretive for
g > 1). Indeed, introduce for A > 0 and f € L9(Q) the energy

functional E defined by

e 1
E(u) ©E2 ) Rdx 2 |[VulPdx — [ fudx.
2 Ja pJa Q

E is convex and s.c.i. in LY9(Q) N Wol’p(Q) for g > min(2, ﬁ).
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Remark : By the weak comparison principle, —A, is m-accretive
in L°(9).

Example 2 :

Let 3 a maximal monotone operator in R, g > 1. Let /3 the
realization of § in L9(Q2). Then, A defined by Au ©_Aut B(uw),
is m-accretive in L9(Q).

Other examples : porous media equation involves —A(S3(u)) [with
0 € 5(0) and B maximal monotone in R] which is m-accretive in
L1(Q).

Theory of maximal monotone or m-accretive operators — existence
of weak solutions to

du

— +Au>f, u(0)=up. (2)
dt

References : H. Brezis Opérateurs maximaux monotones et
semi-groupes de contractions dans des espaces de Hilbert,

V. Barbu, Non-Linear Differential Equations of Monotone Type On

Banach Space.
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Definition
Let e >0, T >0, N N\{0} and f € L}(0, T; X).

1. An e-discretization on [0, T] (denoted by
De(t1, - -, ty—1; f1,- - -, fy)) of equation in (2) consists of a
partition 0 = tg < t; < tp <--- <ty = T and a finite
sequence {f;} | such that

N g
ti—ti_1 <efori=1--- N and Z/ |f(s) — fi||ds < e.
i=1Yti-1

2. An e-approximate solution to (2) associated to

De(ty,- -+, ty—1; f1,- - -, fy) is a piecewise constant function
z: [0, T] = X whose (nodal) values z; satisfies on (t;_1, t;]
satisfy

Zj

A5 4 Azsf, i=1,---,Nand [|z(0) — u] <e.
ti—ti1
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Definition
Let A be m-accretive in X.
1. A mild solution to the Cauchy problem (2) is a function

y € C([0, T]; X) such that for any € > 0, there is
e-approximate solution z on [0, T] such that

sup |[ly(t) — z(t)|| < € and y(0) = uo.
te[0,T]

2. A strong solution to the Cauchy problem (2) is a function
y € WHL((0, T]; X) N C([0, T; X) such that
dy
f(t) — E(t) € Ay(t), ae.t€(0,T), y(0)=up.

Remark. A strong solution to (2) is unique and continuous in
respect to f and ug.
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Theorem. (existence of mild solutions)

Let A be m-accretive in X and yg € D(A)X. Then, there exists a
unique mild solution to (2).

Proof. (main steps)

Let r,k € L}(0, T; X), € >0, n > 0 and u,, v, be e-approximate

solution and n-approximate solution respectively associated to the

discretisations D<(ie, r' dﬁf (: 1)e r(s)ds) and

D"(in, k' def 1 f(, ) )ds) with initial data up and vy in D(A)X.
We defme

o(t,5) < r(t) — k(s)lx (t,s) € [0, T x [0, T]
and for a fixed z € D(A)

def
b(t,r.k) = luo — zllx + [[vo — zllx + |t]] Az||x

tt t—
+ / 1r(7)llxdr + / |k(r)llxdr, t e [~ T, T],
0 0
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S
y /cp(t—s+7,7)d7 fo<s<t<T
W(t,s) = b(t—s,r k)+{ 0

t
/ o(ry,s—t+7)dr if0<t<s<T
0

the solution to the transport equation

Dt +Tts) = elts)  (6s)€0.7]xD0,T]
V(t,0) = b(t,r, k) telo, T],
V(0,s) = b(—s,r,k) se][0,T].
(3)
Finally, Let {u/} and {v} be the nodal functions associated to v,
and v, respectively. For n,m € N*,

€n _ n -1
ug—v[,"+6+n(Aug—Av7;”) = €+n(ug —-v")
€ n_  m-1 €1 n__ fm
e i R G )

bl

9
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Accretivity of A in X implies that &7, = ||uf — Vé"HX satisfies

Ui €, €
q>f77,77m < E—i-??(bnjl’m—i_ 6+77¢nm 1+ + Hrn_kaXa

% < b(tn,re ky) and &G < b(—Sm, re, ky),

For the two last inequalities, note that from accretivity of A, we
have :

1
Jug —z|x < HUS—Z+6(r”+g(—UQ+U£’_1)—AZ)Hx
< ul ™t = zllx + el x + el Az x,
m m m 1 m m—1
vy = zllx < [lvy" =z +n(r +5(—v7, +vy ) — Az)|x
< vt = zllx + nllk™ | x + nll Az x,
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Clearly, ®57, < W', where Wi, satisfies

77 € € € 677

Yen — Yo yer n_ jem

e+ nfl,m—i_e_i_n n,m71+6+nHr HX7
Vo = b(tareky) and WG = b(—sp, re, ky)-

We have

b(-, re, ky) = b(-,r k) in L*(=T,T;X) and

" — ¢ in L}((0,T) x (0, T); X)
Then,
Pe = V" = V| o0, T1x[0,77) = O as (e,1) — 0.
We get for t € [0, T] and s € [0, T]

[ue(t) = vy(s)llx = ®7(¢,5) < W(¢,5) <V(t,5) + pey,  (4)
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Doingin (4) t=s,r=k, v =up :
[Jue(t) = un(t)lx < 2[Juo — 2] x + pey-
We have also
Jue(t) — Te(t)llx < 2[|ue(t) — ue(t —€)lx
< 4l — zlx + 2 Azlx + 2 [ () e

4 2/t||h(e+7)—h(r)||xdr.

From the fact that uy € D(A) ) {uc}e>0, {le}e>0 are Cauchy
sequences in L*°(0, T; X) whlch converge to u € C([0, T]; X)
which satisfies u(0) = ug and (by (4) with vo = wp)

[t—s|
Ju(t) —u(s)lx < 2|luo —zl[x + |t = s||Az[[o + /0 [A(7)l| xdT

max(t,s)
4 / 1(] — 5| +7) — h(r)|xdr. (5)
0
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Passing to the limit in (4) with t = s we obtain
t
[u(t) = v(t)lx < [luo — zllx + [lvo — z[[x +/0 Ir(7) = k()| xdT,
. ——X
Since vy € D(A) , we get

lu(e) - v(t )Hx<HU0—Von+/ Ir(s)— k(s)llxds, 0<t<T.
(6)

which implies that v is continuous in respect to ug and f.
If up € D(A) and h € WH1(0, T; X), then u is absolutely
continuous. Indeed (for s < t),

lu(t) —u(s)lx < fluo — ult = s)llx +/ [h(T) = h( + t = s)[|xdT
T T
< (t-9) <(||Auo—h(0)\|x+/0 T ar)
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Remark. A generates a continuous semi-group of contractions on
—X . X .
D(A) ", that is a family of mappings that maps D(A)" into itself
with the properties :

(i) S(t + s)x = S(£)S(s)x, ¥x € D(A) ", t,s > 0.
(i) S(0)x = x, Vx € W"

(iii) For every x € D(A) ) the function t — S(t)x is continuous on
[0, 00) and solves (2) with f = 0.

(i) 15()x — S(t)ylix < lIx — yllx, V& > 0, x,y € D(A) .
Aplications : A, is the infinitesimal generator of a continuous
semi-group of contractions in L9(Q) with g € [2,00) and in Co(Q)
(g = o0) with

D(A) = {u € L9(Q) N WEP(Q)] — Apu € Lq(Q)}, g € [2,09).
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Concerning (P;), (local) existence of weak solutions can be proved
as follows :
1. Existence (by Schauder fixed-point theorem) and uniqueness of
global solutions uy € L>°(0, T; Wol’p(Q) N L>°(Q) such that
9 ¢ 12(Q) to

— Apu=Ff(x,u) in QL (0, T)xQ
(Pke) u=0onX7r=[0,T]x0Q u>0inQ
u(0,-) = wo(:) inQ

where

def def | sign(t)kif |t| > k
flx, £) < F(x, Ti(t)) with Ti(t) 2 { (e 142

2. Existence of barrier functions or a priori estimates — wuj, weak
solution to (P¢) for T > 0 small enough.

3. compact semi-group, maximal time interval [0, T*) : blow up
in finite time if T* < co (see [Vrabie]). 17/30



We can adapt the method of semi-discretization in time on the
following quasilinear Barenblatt equation :

f(-,0ru) — Agu=g in Q=]0, T[xQ,
(P){ u=20 onZ:p(O, T)xT, u(x,0)=up(x) in Q

def

where Aju = 2?21 Ox; <\8X,.u\p"(x)_2 Dx; u) is the anisotropic

P(x)-Laplace operator such that p = (pj)i=1,.d: Q2+~ [p~,p"]

with max(1, f—fQ) < p~ < pt < oo, continuous in Q with

logarithmic module of continuity.

f satisfies :

(f1) f:(x,t) € Q x R — R is a Carathéodory function,
non-decreasing with respect to t and

(f2) There exist a; € L2(Q) and a; > 0 such that

x€Qae., teR, |f(x,t)| <ai(x)+ at], (7)
(f3) there exist by € L1(Q2) and by > 0 such that,

x €Qae., tER, tF(x,t) > b|t]> — bi(x). (8)
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Concerning g and the initial data ug, we require
(g1) g € L3(Q) and up € Wy PM)(Q).
Basic properties of the spaces LP()(Q) and W, P()(Q)

Let h a measurable function. Set p,(h) ey Jo |h(x)|P™)dx and the
luxembourg norm

17 inf {3 0., () <1}

LPOI(Q) = {u :Q — R, measurable/ x — |u(x)|P™) e Ll(Q)},

We define
WeP(Q) = {uewngi(Q) / dgue tP(Q), i=1,..d}.
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) (LP(X)(Q), lf|lp) is a separable uniform convex space.

. Dual space : LP')(Q) where p/(x) = % and Holder

inequality :

/ (g0 dx < cllFlloliglly- (9)

- Let (tn)n>1 € LPXI(Q). Then, |i_>m up = 0 in LPX)(Q) if and

only if lim, pp(up) = 0.
If up — uin LPOI(Q), then

/| (x)[PXdx < ||m|nf/ |un(x)]PX)dx.
4

C)N(Q) — LIX)(Q) if and only if g(x) < p(x).
5. Endowed with the graph norm |[u]|,, 1500,y = Z-:l [10x ull p;
WO (Q) ] i i

Wol’ﬁ(x)(Q) is a reflexive and separable Banach space.
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Morawetz Inequality

Lemma
Let1 < p<oo. Sets e min(1, §) and

Clp) & { (1_211;:)2 ifp<2

Lifp>2.
Then, Va, b€ R,
_blP B IPN ©
| <)l + b)) <\a|” +[bJP — 2 a; > .
(10)
Compactness

If pi(x) < qi(x ) for any i then W9 (@) oy WEPX)(q).
Then, if p~ > d+2 Wo (Q) < L2(Q).
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Definition
A solution of (P) is any function u € L*°(0, T; Wol’ﬁ(x)(Q)) with

Oru € L?(Q) such that u(0,.) = up and, for any v € Wol"s(x)(Q),

a.e.in 0, TJ,

/ f(.,0cu)vdx + ag(u,v) = / gv dx.
Q Q

We show :

Theorem

(G, Vallet) Assume that ug € W, Lp(x (Q) and the conditions
(f1)-(3) and (g1). Then, there exists a solution u to (P).
Furthermore, u € C([0, T], Wol’p(x)(Q)).
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def

Semi-discretization in time : N € N\{0}, A; = [,

F(., ) — Agu" = g" inQ
u"pn =0

with g” % L f(';Atl)A g(s)ds on[(n—1)A¢, nAy).

u® = up and

u" e Wol’ﬁ(x)(Q) is the unique global minimizer to E defined by

E(u):At/ F(-, dx+Z/ |8 ulPi X)dx—/g”udx
Q Q

where F(. fo "o
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We define for t € ((n — 1)A¢, nAy]

gn.(t) = g", ua(t) = u",

aAt(t) — t— (nA_t 1)Af(un _ un—l) + un—l.
Note that
N
lgacllz2o) = 26 Y 11871720y < llgll2(q),
n=1

Thus,
f(-,0¢lin,) — Apun, = 8a, in Qr =]0, T[xQ.
Energy estimates —
10¢la,|l12(q) < €,

ip,, up, are bounded in L%°(0, T; Wol’ﬁ(x)(Q)),

lia, — ualliz(q) < Adll0:ia,lliz() < CA:.
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up to a subsequence,

i, = u in L0, T; W, PM(Q)),
up, = v in L(0, T; Wg’ﬁ(x)(Q)),
ba,, upn, — u=v in L°(0, T;L?*(Q)) and
Orlin, — Ot in L2(Q).

Note that u € L(0, T; Wy P0)(Q)) n HL(0, T, L2(Q)) and then
u € Cy([0, T], W P(Q)) and u(t) € Wy P)(Q), for any
telo, T]

Strong convergence by

Theorem

(Aubin-Simon) Consider p €]1,+00[, g € [1,400] and V, E and F
three Banach spaces such that V. < E < F. Then, if A is a
bounded subset of WYP(0, T, F) and of L9(0, T, V), A is relatively
compact in C([0, T], F) and in L9(0, T, E).
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up, — u in LP(0, T; WP (Q))  for any 1< p < +oo0.
t 0

Consequently, setting §(x) = (qi(x)) with g;(x) % p,-[zix()xll one has

—Agup, = —Apu in Lp%l(O, T; WH09(Q))  for any 1 < p < +oo0.
Next, there exists x € L?(Q) such that as A; — 0% (up to a
subsequence)

f(Oelin,) = x in L2(0, T; L3(Q)) and x — Agu=g inD'(Q).

From ga, — g in L2(Q) as A; — 0" and convexity arguments, we
get

s d
lim sup / / F(Oriin,)Orin, dxdt + 3 / Lo u(s)P) dx
0 Jo ~ Ja

At—>0+ pl (X)

d
1 S
< Ox: U p"(X)dx—i—/ /ga udxdt.
;/Qp,-(xﬂ o 0 o5
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we have for 0 < A; << 1 that

/ / t+A — u(t) +/05Af . (u(t% u(t+AAtz— u(t)>
/5 Af/ t—l—A —u(t)

where

d
ag : (u,v) — Z/Q\axiu\p"(x)zaxiuﬁxivdx.
i=1

and as A; — 0t

d
s 1 /[ 1
t)0¢u + liminf / /&qut Pi()
/O/QX( )0 A ;At s—A: QPi(X)| 2l
SRS 0y [°
> liminf / /6X,.utp"x+// t)O:u.
A ;Ar 0 QPi(X)| ) 0 Qg()t
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Since u € Cy([0, T], Wol’f’(x)(Q)), one has

d
s 1 s 1
t)Oru + liminf / /8Xiut pi()
/0 /QX( )t Ae ;At s—Ay QPi(X)| ()]

d

1 ) S
E:/ |8X,uo|p’(x)dx+/ /g(t)@tu
P q pi(x) 0 Jo

d
° 1
Iimsup//faﬂtaﬂt—i- /ax,.usp"(x).
[ ous i, + 3 [ 0.0t

A:—0+ JO

v

Therefore, for any Lebesgue point s of u in LP*(0, T, Wol"s(x)(Q)),

we get that

/ / 6tu+2/ \6X,u (s)[Pi)

> Iimsup/ /f Otlin,) 8tuAt+Z/ \@q“(s)\p'(x)

At—)0+
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Thus,

S S
lim sup/ / f(0¢lin,)0¢lin, dxdt < / / xOru dxdt.
A:—0t JO JQ 0 JQ

From the monotonicity of f, we know that for any v € L2(Qs)

where Qs déf]0,5[><Q, one has
0< /Q [F(v) — F(Belin))(v — Oelia,) dxdt. (11)
Taking the limsup as A; — 0T in (11), we obtain that
0< /Q [F(v) = x](v — Deu) dxdt,

A classical monotonicity argument (Minty's trick !) yields

for sa.e. in]0, T[, x = f(9et) in L3(Qs),
thatis, x = f(9:u) in [%(Q)

and then f(atu) — Aﬁu =g. 29/30



Lemma

Assume that hypothesis (f1)-(f3) are satisfied and let T > 0,

Q =]0, T[xQ, up € W7PY(Q), g € L2(Q) and

ue HY(Q)n Cy([0, T, W&’ﬁ(x)(Q)) the solution of the p-Laplace
evolution equation :

f(-,0cu) — Agu=g in Q, with u(0,.) = up.

Then, u € C([0, T, Wol’ﬁ(x)(Q)) and for any t € [0, T],

/ £, Bru(0))u(o) dxdo + Z/ S 10, u(e, 0/
10,¢[x Q2

d
3 / L9, uolP ) dx + / g(0)dudxdo.  (12)
i1 a pi(x)

10,¢[xQ2

30/30



